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Abstract

The Riemann-Hilbert problem proposed in [2] for the integrable stimulated
Raman scattering (SRS) model was shown to be solvable under an additional
condition: the boundary data have to be chosen in such a way that a
corresponding spectral problem has no spectral singularities. In the general
case, it can be shown that a spectral singularity occurs at k = 0. On the
other hand, the initial boundary value (IBV) problem for the SRS equations is
known to be well posed: using PDE techniques, this has been established in
[3]. Therefore, it seems natural to try to find a new RH problem that is solvable
in the presence of arbitrary spectral singularities. The formulation of such a
RH problem is the main aim of the paper. Then the solution of the nonlinear
initial boundary value problem for the SRS equations is expressed in terms of
the solution of a linear problem which is the Riemann—Hilbert problem for a
sectionally analytic matrix function.

PACS numbers: 02.30.Jr, 02.30.1k

1. Introduction

There are many publications devoted to the stimulated Raman scattering (SRS). Papers [1-3]
are on the subject of the present paper. The paper [1] deals with a problem of Raman soliton
generation from laser inputs in SRS. It was shown that the SRS equations, solved as a boundary
value problem on the semi-line, do induce the generation of solitons by pairs, and that, after the
passage of the pulses, the solitons are static in the medium. In particular, this paper provides
the derivation of the SRS equations when group velocity dispersion is taken into account. The
case of zero group velocity dispersion was studied in [2] under some additional assumptions
which lead to a model of transient SRS. More information about different models of the SRS
and their physical meaning can be found in references of the above cited papers.
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The phenomenon of stimulated Raman scattering is described by three coupled PDEs.
In the transient limit these equation are integrable. The relevant physical problem can be
formulated as initial boundary value problem (IBV) on a finite domain with trivial initial
function (identically equal zero). The general IBV problem can be written in the form

2ig; = p, My = 2ivg, Ve =1(G 1 — qjb), x€(0.L), te0.1), (1)
with initial function

q(x,0) = u(x), x € [0, L], 2)
and boundary condition

w0, 1) = w(), v(0, 1) = v(t), tel0,T] 3)

Assuming that the functions ¢(x,7) € C, pu(x,t) € C, v(x,t) € R satisfy the
SRS equations (1) on the finite domain x, ¢ € ((0, L) x (0, T)), it has been shown [2] that
the solution of these equations can be obtained by solving a matrix Riemann—Hilbert (RH)
problem formulated in the complex k-plane. This was achieved by implementing a new
method introduced in [4]. The method consists of performing simultaneously the spectral
analysis of the two parts forming the Lax pair. It was also shown in [4] that the long-distance
behaviour of the system is described by the underlying self-similar solution connected with
the third Painleve transcendent. The Riemann—Hilbert problem, proposed in [2], is solvable
under the additional condition: boundary data v(¢) and w(¢) have to be chosen in such a way
that corresponding spectral problem has spectral singularities nowhere. If v(T) # —1, it is
easy to prove that the spectral singularity takes place at point k = 0. Besides, in the case of
frequency mismatch between the pump and Stokes waves the eigenfunctions and spectral data
have singularities that were also noted in [2]. On the other hand, the IBV problem for SRS
equations is well posed that was established in [3] using PDE techniques.

Therefore, it is necessary to find a new RH problem which will be solvable without such
a restriction, i.e. in the presence of arbitrary spectral singularities. We propose such a RH
problem in section 5. A formulation of the suitable RH problem is the main aim of the paper.
As a consequence of this formulation, the solution of nonlinear IBV problem (1)—(3) for SRS
equations is expressed through the solution of a linear problem: the Riemann—Hilbert problem
for sectionally analytic matrix functions (theorem 5.1).

Remark 1.1. The SRS equations admit a ‘conservation low’:
L 2
— W (x,0) +px, 0] =0.
0x

In what follows, we will put

V30, 1) + n(x, ))F = 1.

2. Basic solutions of linear overdetermined equations

For studying the initial boundary value problem (1)—(3), we will use the simultaneous spectral
analysis of the linear x-equation:

D, +ikosd® = Q(x,1)P,

1 0 0 q(x, 1) 4)
U3:<0 —1>’ Q(x’”=<—c2(x,r> o)
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and the linear r-equation
i~
¢, = % Qx, )P,

| )
. o vx, 1) in(x, 1)
O(x,t) = <—iﬂ(x, 1 —v(x, t)) '

where ®(x,t, k) is a 2 x 2 matrix-valued function and k € C is a parameter. It is easy to
verify that the overdetermined system of differential equations (4), (5) is compatible if and
only if the functions ¢ (x, t), u(x, t), v(x, t) satisfy the SRS equations (1).

Let us rewrite equations (4) and (5) in the form

W, =U(x,t, kW, (6)
W, =V, t, kW, @)

where U (x, t, k) and V (x, ¢, k) are matrices:
Ut = Q) —ikos,  Vixit.k) = 2-0(x.0).

given in terms of ¢(x, 1), w(x,t), v(x,1).

Lemma 2.1. Let equations (7) and (8) be compatible for all k € C. Let W (x, t, k) be a matrix
satisfying the x-equation (7) for all t (the t-equation (8) for all x). Assume that W (x, t, k)
satisfies the t-equation (8) for some x = xo (the x-equation (7) for some t = ty). Then
W (x, t, k) satisfies the t-equation (8) for all x (satisfies the x-equation (7) for all t).

Proof. If W = W (x, t, k) is a solution to (6), then W(x, t,ky =W, —V(x,t, k)W is also
the solution to (6). Indeed, W, = U (x, 1, k)W + (U, — V, +[U, V)W = U(x, t, k)W. Since
the matrices W and W are the solutions of the same equation (6), it follows that W(x, t, k)=
Wi(x,t, k)C(t, k) for some C(t, k) independent of x. By assumption, W(xo,t,k) = 0.
Hence, C(t,k) = 0 and thus W(x, t,k) = 0, which means that W(x, ¢, k) satisfies the
t-equation (7) for all x. The proof of the statement with x and ¢ interchanged is similar. ]

Let g(x,t), u(x, ), v(x,t) be a solution of (1). Introduce u(x) = u(x,0),w() =
w(,1) and v(r) = v(0,¢). Assume that u(x) € H'0,L], w() € H'0,T] and
v(t) € H'[0,T]. Also assume that v>(¢) + |w(¢)|> = 1. Then, equations (4) and (5)
(equivalently, equations (6) and (7)) are compatible. In order to construct basic solutions
(eigenfunctions) of (4), (5), let us define the matrix function m,(x, t) by

mg(x,t) =m(x,1)d”(x,1), (8)

where

in(x,t)
T— e
m(x,t) = — Ve =, 1)

and the diagonal matrix function d?(x,t) is chosen in such a way that the matrix
my " (x, g (x, 1) to be off-diagonal, i.e., o3 (m} 'riigo3 + o3my 1y = 0). Then, Q(x, ) can
be written in the form

Q(x, 1) = ml(x, Hym; " (x,1).
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Here and in what follows, the dot and prime stand for the partial derivatives with respect to ¢
and x, respectively. Note that m (x, t) as well as m,(x, t) diagonalizes Q(x, 1):
O(x,t) = —m(x, yosm ™ (x, 1) = —ma(x, )osmy " (x, 1).
By direct calculation,
TvENWE D+ UE DRE L
d(x. 1) = exp {/ v(E, '€ D) +p'E D, 1) d
0 2v(&, (1 —v(§, 1)
/’ V(x, V(X 1) + alx, DA, T) }
+ dr ,
0 2(1 —v(x, 1))
where d is normalized by d(0, 0) = 1. Note that due to the identity

€))

V20, 1) + ()P =1,

the integrands in (9) are purely imaginary and thus |d(x, t)| = 1.
Introduce Z(x, ¢, k) by

O(x, 1, k) =ma(x,1)Z(x,1,k),
where ®(x, ¢, k) solves (4), (5). Then, Z(x, t, k) = md_] (x, )®(x, t, k) satisfies the equations

Z' +ikmy ' (x, t)osma(x, 1) Z = 0, 7+ %Z = —m} ' (x, g (x, 1) Z. (10)

Equations (10) are gauge equivalent to (4), (5). The definition of the gauge equivalence
can be found in [6]. The first equation in (10) has a form of the x-equation of the continuous
model for the Heisenberg ferromagnet [6], whereas the second equation in (10) is the Dirac
equation with the spectral parameter A = ﬁ.

The original equations (4), (5) and the gauge equivalent equations (10) admit the
transformation operators [6, 5]: there are solutions ®q(x, 7, k) and P (x, , k) of equations
(4), (5), which have the integral representations in the form

Do(x,t, k) =mg(x,t)Zo(x,1, k), Dr(x,t, k) =my(x,)Zr(x,1,k),

where

X . t .
Zo(x, 1, k) = (e—ikm +k/ [(x,y,1)e ko dy) (ew“ + | Mo, s)e & ds), (11)

—X —t

x . 2T —t o
Zr(x,t,k) = <eik”3 +k/ I(x,y,t)e ko dy> <e4ﬁ +[ Mr(t,s)e & ds>.
—X t
(12)

These solutions satisfy the conditions ®¢(0, 0, k) = m4(0,0) = m(0,0) and ®7(0, T, k) =
my(0, T) e“%. The first factor in formulae (11) and (12) satisfies the x-equation (10) for all ¢,
whereas the second factors satisfy the -equation (10) for x = 0. By lemma (2), Zy(x, ¢, k) and
Zr(x,t, k) are the solutions of both the equations in (10) for all x and ¢. In turn, ®q(x, ¢, k)
and ®r(x, ¢, k) are the solutions of the original equations (4), (5). The existence of such
representations, i.e., the existence of appropriate k-independent kernels I'(x, y, 1), My(z, s)
and My (t, s), can be proved following the scheme in [6] and [5].

The integral representations (11) and (12) imply the following properties of the matrices
Dg(x,t, k) and Or(x,t,k):

(1) ®p(x,t, k) and ®r(x, t, k) satisfy the x- and t-equations (4), (5);

Q) ®(x,1,k) = Ad(x,1,k)A~", k € C\{0}, where A = (°, 1);
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(3) det ©g(x,t, k) =det Pr(x,t,k) =1, ke C\{0};

(4) the map(x, t) —> P (x, ¢, k) is absolutely continuous in x for fixed ¢ and vice versa;

(5) the map k — ®(x, ¢, k) is analytic in k € C\{0};

(6) Do(x, 1, k)e s =my(x,)+O0k)+O(ke s ), k € C\[0}; 7 (x, 1, k) e = my(x, 1)+

i(t—T)o3

Ok) +O(ke %), k € C\{0}, k — 0

In items (2), (4) and (5), ®(x, t, k) means Dy (x, 7, k) or ®r(x,?, k). These eigenfunctions
possess a ‘good’ (well-controlled) asymptotic behaviour as k — 0; they will be used below
for the construction of the matrix Riemann—Hilbert problem in the neighbourhood of k = 0.
Now we introduce another set of eigenfunctions of equations (4), (5), which possess a
‘good’ asymptotic behaviour as k — oo. The eigenfunction normalized by the condition

®,0,T,k) = e’i% has the form

. X . ito i 2T—1 iso:
O (x,1,k) = (e—‘km +/ K(x,y,t)e %o dy> (ew“ o Lr(t,s)e % ds) ,

—x t

(13)
where the first factor satisfies the x-equation (4) for all #, and the second factor satisfies the
t-equation (5) for x = 0. By lemma 2, ®;(x, 7, k) satisfies both equations (4) and (5). Since
®,(0,T, k) =e~ % and &7 (0, T, k) = my(0, T) e, it follows that

iToy

Dy (x.1,k) = Dp(x, . k) e Fm; (0, T)e 5.

Hence, & (x, ¢, k) possesses properties (1)—(5).
The integral representation (13) implies the following behaviour of @, (x, ¢, k):

@ (x, 1, k) e =T+ 0k + 0" Fkxos), k — oo. (14)
The eigenfunction &, (x, 7, k) normalized by the condition ®,(0, 0, k) = I has the form
X . . t .
Oy (x, 1, k) = (e—ikm +/ K(x,y,t)e %o dy) (ew“ + ﬁ Lo(t,s)e % ds) .

—X —t

(15)
It is related to ®¢(x, ¢, k) by
Py (x,1,k) = Po(x, 1, k)m ™" (0, 0).

The eigenfunction ®,(x, ¢, k) satisfies properties (1)—(5) and its asymptotic behaviour as
k — oo is as in (14). Alternatively, ®,(x, ¢, k) can be represented in the form

) : t o ) x )
Do(x,t, k) = (64; + 4Lk L(x,t,s)e” & dS> <e""‘“3 +f K(x,y,0)e ko dy) )

—t —X
(16)
This form will be used for the study of the x-equation for + = 0. The kernels
K(x,y,t), Lo(t,s) = L(0,¢,s), L(x,t,s)and K (x, y, 0) are absolutely continuous functions
on their arguments.
Finally, the eigenfunction ®;(x, t, k) is normalized by the condition ®3(L,0,k) =e
and has the representation

) . t ) 2L—x
D3(x,t, k) = (ﬁt_“"3 + ﬁ/ L(x,t,s)e” & ds) <e“k“’3 +/ Kp(x,y)e o dy) .
—t X
(17

ikLos

The matrix ®3(x, ¢, k) possesses properties (1)—(5); moreover,
Os3(x,t,k) =1+ 0Kk + Ok ?k—Dosy, as  k — oo. (18)



14596 E A Moskovchenko and V P Kotlyarov

Since all the introduced matrix-valued functions ®; (x, ¢, k) (j = 1, 2, 3), ®o(x, ¢, k) and
®y(x,t, k) are solutions of the x- and z-equations (4), (5), they are linear dependent, so there
exist transition matrices S(k), S” (k), R(k) and P (k) independent of x and ¢ such that

D (x, 1, k) = Py(x, 1, k)ST (k), Oy (x,t, k) = P3(x, 1, k)S(k),

O (x, 1, k) = P3(x, 1, k)R(k), Or(x, 1, k) = Po(x, t, k)P (k). )
They can be written as follows:

S(k) = ®3'(0,0, k), ST (k) = (0,0, k),

R(k) = S(k)ST (k), P(k) = @;'(0,0, k)7 (0,0, k).

The integral representations for the eigenfunctions imply the following integral
representations for the transition matrices:

ak) bk 2L o
A Bk P s
STkz(__ >=1 —/ L7(0, w ds, 21
®=T3d aw)='ta ) Lo Tas @
_ - 2T .
P(k) = <_“£If’(2) Z}’;Eg) =1+ M0, s)e” 7 ds. 22)

These formulae give a complete description of the transition matrices in terms of their Fourier
transforms (in the last two cases, with respect to A = ﬁ): K:(0,y) € H'(0,L), L+(0,5) €
H'(0,T), M7(0,s) € L*(0, T).

Remark 2.1. If ® is a 2 x 2 matrix we denote its columns by ®~, ®*,i.e. ® = (d, d¥).

3. Spectral problem for the x-equation

The basic scattering relation for the x-equation (4) has the form
D, (x, 0, k) = @3(x, 0, k)S(k), (23)

where S(k) is defined by the second formula in (19).
Let u(x) € H'(0, L). Then, relation (23) defines a map

S {ux)} — {a(k), b(k)} (24)
by the formula
b(k)
<a(k)) = (0, k),
where the vector-function W(x,k) := ®3(x,0,k) (the second column of the matrix
®;3(x, t, k)) satisfies the equation
W, +ikosW = Qp(x)V, 0<x <L, (25)

and the boundary condition

W (L, k)e = (?) )

The matrix Q¢(x) is defined by the initial function:

0
0o(x) = (_ﬁ “ ”g”) .
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Figure 1. The contour I for the x-problem.

Properties of the spectral data a(k) and b(k):

(1) a(k) and b(k) are entire analytic functions of the exponential type 2L represented in the

form
2L

2L
atk) =1 +/ a(y) e dy, bk) = B(y) ek dy,
0 0

where a(y), B(y) € H'(0, L);
2) detS(k) := a(k)ak) + bk)bE) = 1,k € C;
3)ak) =1+ O(kfl) + 0(/(71 eZikL), bk) = O(kfl) + O(ki1 eZikL)’ k — oo.

The map Q, which is inverse to the map (24), can be written as follows:

u(x) = 2i lim kM (x, k), (26)

where M f’z‘) (x, k) is (12) entry of the matrix M (x, k) that is the solution of the following
matrix Riemann—Hilbert problem (RH,):

MY (x k), ke
o MW (x, k) = {My)(x.k)kEQ+

where the oriented contour I' (figure 1) in the complex k-plane is a union of real line R
and a circle Soo: Soo = {k € C : |k| = |Sxl}, where |Sy| is a sufficiently large positive
number. The orientation of I" is chosen in such a way that k-plane is a union of the two
open domains 2 and their common boundary I':
C=Q,uUQ_UT, I' =RUS,
Q={keC: k] >|Sx|,Imk >0} U {k € C, |k|] < |Sxl|, Imk < 0},
Q_={keC:lk| > |Sxl, Imk <0}U {k € C, |k| < |Sxl|, Imk > 0}.
o det MW (x, k) = 1.
o MV (x, k) = MY (x, k) J W (x, k), k €T,

is a sectionally analytic matrix-valued function in k € C\T",

where
(1 0) . keR, k| <|Sxl
0 1
T (x, k) = . bl ik (27)
— ) , keR, k| > |Sxl

1
@ © EGE

u
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1 Me—Zikx
(0 atk) | ) k| = 1Sl argk € (0, ),
IO (x, k) = (28)
1 0
(L]}) Dikx )’ |k|=|300|5 argke(f[,zﬂ'),
L] 1
a(k)
e MW (x,k)=T+0kY), k — oo.
o Q:{a(k),bk)} — {u(x)}isinverse to S.
Proof. Let the matrices M. (x)(x, k) be as follows:
_ % (x, 0,k
o (ereomer,  BERDew) wec, ws s
M (x, k) = atk)
(@5 (x,0, k) e, % (x, 0, k)e ), keC_, k| < |Seol
(@5 (x, 0, k) e, 5 (x,0,k)e ), keC,, k| < |Saol
MY (k) =1{ (@7 (x.,0,k <
(% e 3, 0,0 e—lk"), keC, Ikl > ISwl
a

where @, (x, 0, k) and &5 (x, 0, k) are the eigenfunctions evaluated at # = 0. We choose the
radius | S| of the circle So to be large enough so that a(k) # 0 for Imk > 0 and a(k) # 0
for Imk < 0 when |k| > |Sso|. Then M (x, k) is analytic in Q, and M (x, k) is analytic
in Q_. Fork € Rand |k| < |Sy|, the jump matrix J© is trivial: J® (x,k) = I. Fork € R
and |k| > |Soo| it is easy to see that jump matrix J® coincides with (27). For |k| = |Ss|
and 0 < argk < m it coincides with (28) as well as for |k| = |Sy| and 7 < argk < 2m.
The large-k asymptotic formulae for the eigenfunctions given in section 2 imply the following
asymptotic expansion for the matrix M ™ (x, k):

MO k) =1+ mP@ (2 k
= — —> OQ.
x? k kz 9

Then, by (25), it follows that u(x) is related to M by
u(x) = 2im') (x) = 2i Jim kM) (x, k). (29)
—00

Now we show that relation (29) defines the map
Q :H{alk), b(k)} — {u(x)},
which is inverse to the spectral map (24):
St {u)} — {ak), b(k)}.

Consider the Riemann—Hilbert problem RH, with the jump matrix J® (x, k) constructed
by given spectral data {a(k), b(k)}. Then the following statement holds:

e The Rlemann—Hllbert problem RH, has a unique solution.

o The matrices Mi )(x k)e o ke Qy, satisfy the x-equation (25) with

_ 0 uo(x)
Qo(X)—<_ﬁo(x) ) )

where ug(x) € H'(0, L).
e The spectral functions ay(k) and bg(k) defined by uo(x) via the direct map coincide
with the spectral functions a (k) and b(k).
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The proof of these statements follows the same lines as for the whole line case, see, e.g.,
[6, 7]. Since a(k) and b(k) are entire analytic functions of the exponential type 2L, it follows
that the support of the function u((x) is the interval [0, L]. To prove that the spectral functions
ao(k) and by (k) coincide with, respectively, a(k) and b(k), we observe that the eigenfunction
Wy (x, k) of the x-equation normalized by the condition Wy (L, k) = e~ Lo can be written in
the form

Wo(x, k) = MO (x, k) & C, (k).

where the matrix C, (k) is independent of x. Also observe that the Riemann—Hilbert problem
RH, (x = L) can be solved explicitly:

a(k)  —b(k)e kL
Z)(l_{) eZikL (j(]_{) ’ |k| < |SOO|5 k € (C—9
(x) _
M2 (L, b = 1 b(k) e~ 2kL
= — €
o _ : k| > 1Sal., keC_;
0 ak)
a(k) 0
B(]_C) e2ikL L ’ |k| > |SOO|’ k € (C+s
ML, k) = “wro
a(k) —b(k) e kL
B(l_() eZikL c_l(E) ’ |k| < |SOO|5 k € C+‘

Therefore, since Wy (L, k) ¥t = I, it follows that

1 0
( al) ) k| > |Ss|, Imk =0,
b)) ak)
=1
( ak) b(k)> , k| < S|, Tmk = 0.
& ak)

Hence, the spectral data,

S5 (k) = W3 (0, ) = ( ao (k) bo(k)) |

—by(k) ao(k)
related to the function uy(x) (29) are defined by the equation
Sy (k) = M&(0, k)C. (k).

If x = 0, the above RH problem RH, |,—¢ can also be solved explicitly. Indeed, since

1 10\ /1 2w
X a(k) — a
’”“”‘):(w )=l ) V)
aky lak)? ak)

it follows that M (0, k) takes the form

1
M&(0,k) = 0 “<1k> , k] > |Sal, Imk > 0.

Therefore,

1—|b(k)|?
Sy 'tk = M (0, k)Ca(k) = ( a®) b(k)> = S7'(k),
—bk) ak)

i.e., ag(k) = a(k) and by(k) = b(k) for |k| > |Ss| and Imk > 0 and thus for all k € C.
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4. Spectral problem for the t-equation

The basic scattering relation for the t-equation (5) for x = 0 has the form
®1(0, 1, k) = (0,1, k)S” (k). (30)

Let v(2), w(r) € H'(0, T) be such that v2(¢) + |w?(t)| = 1. Then, relation (30) defines
the map

S": u(@), wt)} - {Ak), B(k)} (31)
as follows:
B(k)\ _ ¢+
(A(k)> = b (0.4,
where the vector-function W (z, k) = ®7.(0, 1, k) satisfies the equation
g = ﬁQ(o, N, te0,1), (32)

with the coefficient matrix

~ o v iw(t)
00,1 = (—iw(t) —v(t))

and the initial condition: W* (7, k) = e,
Properties of the spectral data A(k) and B(k) (t-problem)

(1) A(k), B(k) are entire analytic functions of the exponential type 27 in the complex plane

1. .
A = 7; they can be represented in the form

i . i e’ W
A(k) = 1+E/0 a(t) e dr, B(k) = i ), B(t)e# dr, (33)
where &(t), B(t) € H'(0, T);
(2) det ST (k) := A(k)A(k) + B(k)B(k) = 1, k € C\{0};
3) Ak)=1+0(k™"), Blk) = O(k™"), k — 00,k € C.

Now observe that as k — 0,
A(k) =1 — &) +&QT) e + 0 (k);

hence, in general, there exists a sequence k; € C_URsuchthat A(k;) = Oandlim;_, o k; = 0.
This implies that the map inverse to S’ cannot be given in general in terms of a Riemann—
Hilbert problem constructed directly in terms of A (k) and B(k) because of the singularities of
1/A(k) near k = 0, which can accumulate at k = 0. Note, however, that under the additional
conditions (v(0) = v(T) = —1, w(0) = w(T) = 0) on the boundary data v(t) and w(z)
one can prove that A(k) = 1 + O(k),k — 0 and B(k) = O(k),k — 0. In the special case
when A (k) # O for all k, the inverse map can be constructed by the same way as in [2].

In order to construct the inverse map in the general case, we introduce the auxiliary
spectral functions. Consider the solution ®(0, ¢, k) of the r-equation normalized by the
condition ©((0, 0, k) = m(0, 0) = my. The matrix mo € SU (2) is completely defined by the
boundary data v(¢) and w(¢):

iw(0)
1 [~/1—v(0) T=0®

— - (34)
iw(0)
V2 O~ JT—0)

moy =
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Figure 2. The contour I' for z-problem.

Also consider the solution @7(0,¢,k) of the t-equation normalized by the condition
O7(0, T, k) =my(0,T) e_%). Let P (k) be the transition matrix relating these solutions:

O,(0,1,k) = Py(0, t, k)P (k). 35)
Since ®,(0, T, k) = e_i% and ®,(0, 0, k) = I, it follows that

Pk = m™(0,0)ST (k) e my(0, T) e~ . (36)
By (22) we have

Pk) = <—Ep(7<) ap(k)> - <o ]) +0k) +O(ke =), k— 0.

Summarizing, we have associated with the coefficient matrix 0(0, 1) of the t-equation
two sets of spectral functions: the spectral functions A(k) and B(k) with well-controlled
asymptotic behaviour as k — oo and the spectral functions ap(k) and bp(k) with well-
controlled behaviour as k — 0. These spectral functions are related by (36). It follows from
(22) that ap (k) and bp (k) are entire analytic functions of A = L of the exponential type 27T,

4K’
which can be written in the form
2T

2T ) v
(lp(k): 1+/ &(l‘)eﬁ d[, bp(k): B([)e% dt’
0 0

where @ (), B(t) € L*(0, T). Moreover,
ap(k)ap (k) +bp(k)bp(k) = 1.

In order to formulate the Riemann—Hilbert problem RH,;, we define the contour I'
(figure 2) as follows:

F=RUS)U Sw,
So={keC: k] =S| <1},
Seo =1k € C: k| = [See| > 1},

where |Sg| > 0 is sufficiently small so that a, (k) # O for |k| < |Sp|, Imk < 0, and S| > 0
is sufficiently large so that A(k) # O for |k| > |Seo|, Imk < 0. The orientation of I" is chosen
in such a way that the k-plane is a union of two open domains 2.:

Q. ={keC: k| >|Sol,Imk >0} U{k € C:|Sy| < k| < |Sool, Imk < 0}
Ulk e C: k| < |So|, Imk > 0},

Q_={keC: k| > S|, Imk <0} U{k € C:|Sy| < k] < S|, Imk > 0}
Ufk e C: |k| < |Sol, Imk < 0}.
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The inverse (to (21)) map QT can be written as follows:
01 = —m(Dozm™ (1),
where 2 x 2 matrix m(t) is defined by the solution of the following Riemann—Hilbert problem

RH;:

MO, k), ke
o MOt k) = ®
M (1, k), ke
is sectionally analytic matrix-valued function in k € C\T'.
o det MV (t, k) = 1.
o MOt k) =MD (1, k)J D, k), k € T, where

_BK®) —5
T A e keR, |kl > [Swl
B(k) E) ) ol
_We” 1
o 1 0
JU(t, k) = o 1) keR, |Sol <kl <[Sxl,
1 _bpk) it
lar (O ar) € keR. |kl < S|
_BP(%) ez/‘ 1 9 k) 0 9
ar®
! 0 k| =|S Imk >0
“ —%ez% 1) k] = |Sscl, mk > U,
J (t’ k) = 1 _% 672%
. |kl =8|, Imk <0,
0 1 *
it 1 0 it
e %%mo\ 5.0 | e, |k| =|Sp|, Imk >0,
® _ Tap®
JY(t k) = » _“,’;P(k) »
e # % (0 af(k)> my'e#®, |kl =Sy, Imk <0,

where my is given by (34).

MOt k) =1+0k™"), k —> .

(l)(t ky=my(t)+ O(k),k - 0,k € Q4, where m,(t) = m_(t) = m(t) is a unitary
2 X 2 matrix.
e Q7 isinverse to ST (21).

Proof. Let matrices Mj(é) (t, k) be as follows:

®7(0.1,4) itoy
. (20D @30.0.4)) e, k> ISkl Tmk >0,
M (t, k) =

(22000 @50.1.0)) %, [kl < ISol, Tk >0,
MO, k) = MO (1, k) = (950, 1,k), ®30,1,0))ew, [Sol < [kl < |Swl,

(@300.1,0), TOLD) T, k| > 1Sxl, Imk <0,
MOt k) =

(cbg(o,r,k), &(k’)")) Tk < |Sol, Imk <O.
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The radius of the circle |Sy| (|Sp|) is large (small) enough so that A(k) # O for |k| > |Sol,
Imk < 0 (ap(k) # O for |k| < |Sol,Imk < 0). Then M.’ (s, k) is analytic in Q4. The
scattering relation (30)

(0,1, k) B Bk) _,

?sz O, ,k _Tq) 0, ,k, k C UR,
A0 5, 0,2,k) A% 20,1, k) €Ly

®*(0,1,k)  Bk) . _
1060 _ ()cbz(o,z,k)+c1>;(o,z,k), keC_UR,
A(k) A(k)

and relation (35)

®,(0,1,k) _ bp(k)

L — $5(0,1, k) — —=D}(0, ¢, k),
ap(k) 0 apk) °

® 0, 1,6 _ bp(k)
ap (k) ap (k)
written in the vector form imply that det MY (t, k) = det Mf)(t, k) = 1. These relations
define the jump matrix JO(t, k) for k e I'\Sp. The jump matrix JO(t, k) for |k| = |So|
emerges from the equation
@0(0, 1, k) = ©2(0, 1, k)m(0, 0) = D(0, £, k)mo.
)
+

@, (0,1, k) + D0, 1, k)

The asymptotic behaviour of M’ (t, k) (as k — oo and as k — 0) follows from the asymptotic
formulae for the corresponding vector functions (see section 2) and the asymptotic behaviour
of the spectral functions A(k), A(k), ap(k) and ap(k). The matrices m.(t) are such that
my(t) =m_(t) =my(0,1) = m(0,1)d?* (0, t) € SU(2). Thus, the coefficient matrix Q(O, t)
can be reconstructed by the formula

(1) = —m_()osm™' (1) = —m.(D)osm; ' (1) = —m(t)ozm ™ (1). 37)

Now we show that formula (37) defines the map

Q"+ {A(K). B(k)} — {v(1), w(®)),
which is inverse to the spectral map (21):

ST ), w®)} — (AK), B},

The auxiliary spectral data ap (k) and bp (k) are given in terms of A(k) and B(k) by (36).
Following the general ideas of [6] and using the results of [7] for contours with self-
intersections, one can establish the following:
o The Riemann—Hilbert problem RH; has a unique solution.
e The matrices M (1, k) e # , k € Q. satisfy the r-equation (5) with

O@t) = —m(t)osm™" ().

e The matrix Q(¢) is Hermitian, Sp O(1) = 0, 0*(t) = [ and Q(t) € H'(0, T).
e The spectral functions Ag(k) and By(k) defined by the f-equation with the coefficient
matrix O(t) coincide with the functions A (k) and B(k), respectively, i.e.

Ao(k) = A(k)  Bo(k) = B(k).

The proof of the first three statements follows the same lines as in [6] and [7]. To prove the
last statement, we observe that solution (¢, k) of the f-equation normalized by the condition

ST, k) = e’i% is related to Mff) (¢, k) by the equation
&, k) = MO (1, k) e Dy (k), ke Q..
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Fort = T, the Riemann—Hilbert problem RH; is explicitly solved. In particular, we have

1 -5
MO =70 PO s s mks 0.
0 A(k)
Therefore,
e [AGR) Bk
Dk = [MOT, 0] e E =< ((>) L))
A(k)

Since SOT (k) = ﬁ)(O, k), it follows that
St (k) = M0, k) D (k).
For t = 0, the Riemann—Hilbert problem RH; is also explicitly solved:

1 0
M0, k) = ( 3@ ) k| > |Ssl, Imk > 0.
1) 1
Therefore,
1 0\ [Ak) B(k) Ak) B(k))
ST k = BT — =27 — ST k ,
o &) (—%’3 1)( 0 ﬁ) (—B(k) A(k) ey

i.e., Ag(k) = A(k) and By(k) = B(k) for |k| > |Sxo|, Imk > 0 and thus for all £ € C\{0}.

5. Inverse problem for the compatible x- and #-equations: reconstruction of the SRS
model

In this section, we give a reconstruction for the solution of the SRS equations in terms of
the spectral functions (a(k), b(k)) and (A(k), B(k)) associated with the initial and boundary
conditions. Under the assumption that x- and #-equations (4), (5) are fulfilled, relations (19)
can be written in the form of a matrix Riemann—Hilbert problem.

Letg(x, 1), u(x, ), v(x, t) be absolutely continuous functions with respect to x € [0, L]
and ¢ € [0, T] satisfying the SRS equations (1), the initial conditions (2) and the boundary
conditions (3). Then relations (19) define a map

S® g (x, 1), v(x, 1), wx, D)} — fa(k), b(k), A(k), B(k)}. (38)

To formulate the Riemann—Hilbert problem, we use the spectral functions
{a(k), b(k), A(k), B(k)}, the auxiliary spectral functions ap(k), bp(k), which are the entries
of the transition matrix P (k) (22), and the auxiliary spectral functions ag(k), bg(k), which
are the entries of the transition matrix R (k) = S(k)S” (k). The matrix P (k) is also defined by
ST (k) (36). In the particular case when v(0) = v(T) = —1, we have P (k) = ST (k)d* (0, T).

The auxiliary spectral data have the following properties:

(1) ag(k), bR_(k), ap(k),_bp_(k) are analytic flinctions fog k € C\{0};

(2) ar(k)ag(k) +br(k)br(k) = 1,ap(k)ap(k) + bp(k)bp(k) = 1,k € C\{0};

B) ark) =1+ 0k, k — oo, Imk < 0,bg(k) = O™,k — 0o, Imk = 0; ap(k) =
1+0(k),bpk) = 0(k), k — 0,Imk <O0.

The inverse (to (38)) map QF is defined by
q(x,t) = Ziklim kMyy(x,t, k), (39)
—00

v(x, 1) =1 =2lmy(x, )], (40)
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M(xvt) - _Zimll(-xv t)ml2(-xst)v (41)

where m;;(x, t) are the entries of the matrix

m(x, 1) =]1i_ljg)M(x,t,k),

and M (x, t, k) is the solution of the following Riemann—Hilbert problem RH,,:

M_(x.t.k), keQ_
{M+(x,t,k), keQ,
24 and the oriented contour I' (figure 2) are the same as in the problem RH;;
e detM(x,t,k)=1fork € C\T}
o M, (x,t,k)=M_(x,t,k)J(x,t,k),k € T, where

o M(x,t,k) = is sectionally analytic for k € C\I', where the domains

1 o\ .
e_‘0< b 1) e?, |kl =|Sxl, Imk>0;
_aR(l'o
_ br(k)
Tan (O a .
J(x, 1, k) = ] O 1k > 1S, Imk = 0;
_h®
ag (k)
1 __brk)
@O el Ikl = 18wl Imk <0;
0
0
J(x,t, k) = < 1) |Sol < |k] < |Sl, Imk =0;
k) —b(k 1o\ .
o(@€ PNl e D) e k= 1Sl mk = 0,
bk ak) ~b®
1 by
s = fee [P T g <m0,
—be®) 1
ap (k)
1 -8 ak)y b\
e 1 @ ®) ) ! a() ) e’ |k| =S|, Imk < 0,
0 1 —b(k) a(k)

where 6 = (kx + ﬁ)@ and my is defined by (34);

e M(x,t,k)=IT+0(k™Y), k — oo;

o Mi(x,t,k) = my(x,t)+ Okk),k — 0, where m,(x,t) = m_(x,t) = m(x,t) is a
unitary 2 X 2 matrix;

e QF is inverse to S (38).

Proof. In order to construct the Riemann—Hilbert problem RH,,;, we define the following
matrices:

(2880 @t r k)€, k| > [Sxl, Tmk >0,

M+(-x7t1k) = ¢7: k)
\1, i

(S20tD @pe k) e, Ik < ISl Imk >0,
Mo (x,1,k) = M_(x,1,k) = ®3(x,1,k) e, S0l < k| < 1Sl

(@30r, 1,00, HEEDY G k| > 1Skl Imk <0,
M_(x, 1, k) = OEGth) i

(@g0rr b, TEEEOYE k] < 1Sl Imk <0,
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where ®T (x, 1, k), ®F (x, t, k), P (x, 1, k), ®F (x, t, k) are the vector columns of the matrices
D (x, 1, k), Ps3(x, t, k), Dolx, t, k), Dr(x,t, k). The radius |Seo| (|So]) of the circle Soo (So)
is sufficiently large (small) so that ag(k) # O for |k| > |Sel,Imk < O (ap(k) # O for
|k| < |Sol, Imk < 0). Then, the matrices My (x, ¢, k) are analytic functions in the domains
Q4. The determinants of these matrices are equal to 1, which follows from the vector relations

(D]_(x7 z, k) = ElR(]_()qD?,_(x5 t, k) - BR(]_C)q);(x’ z, k)v
O (x, 1, k) = br(k)P5 (x, 1, k) + ar(k) 3 (x, 1, k),
O (x, 1, k) = apk)®y (x, 1, k) — bp (k)P (x, 1, k),
O (x, 1, k) = bp (k) Py (x. 1, k) + ap(R) D (x, 1, k),
arising from (19). Using these relations and
Do(x, 1, k) = @3(x, 1, k)S(k)my,
the direct calculation gives the form of the jump matrix J (x, 7, k) on the different parts of I".
The asymptotic formulae for M (x, ¢, k) as k — oo and k — 0O follow from the corresponding
equations for the eigenfunctions, see section 2, and from the asymptotic behaviour of the
spectral functions ag (k) and ap (k). Note that
M_(x,t,k)y =my(x,t)+ O(k), k— 0, Imk
M, (x,t,k) =my(x,t)+ O(k), k— 0, Imk
where m,4(x, t) is the same unitary matrix (8).
As for the t-problem, the general ideas of [6] and the results of [7] for contours with
self-intersections imply the following statements:
e The Riemann—Hilbert problem RH,; has a unique solution.

o The matrices M. (x,t, k) e ko= for k Q. are absolutely continuous in x and ¢
and satisfy x- and r-equations with matrices Q(x, 1) and Q(x, t), respectively, defined by
(39)-(41).

e g(x,t),v(x,t), u(x,t) are absolutely continuous and satisfy the SRS equations.

e The initial and boundary conditions are fulfilled, i.e. g(x,0) = u(x), v(0,¢) = v(¢),
w(0,1) = w().

e The spectral functions ag(k), by(k), Ag(k) and By(k) defined by g(x, ), v(x,t) and
w(x, t) via the direct spectral map coincide with a(k), b(k), A(k) and B(k), respectively.

The first three statements can be proved by the same scheme as in [6] with the
corresponding generalizations given in [7]. The fifth statement follows from the fourth one
and literally repeats the proofs of the corresponding statements in sections 3 and 4. To prove
the forth statement, we show that the Riemann—Hilbert problem RH,, for r = 0 is equivalent
to the Riemann—Hilbert problem RH, in the following sense: there exists a matrix G(x, k),
sectionally analytic in k, such as

MDD (x, k) = M(x,0,k)G(x, k)

and
Dl DZ e—C(k)x
Gx,k)y=1+—+—+---+0 , k — oo,
(. ) kR ( k )
where D!, D?, ... are constant diagonal matrices and C (k) is a positive function. Indeed,

define M (x, k) as follows:
M. (x,0,k)G,(x,k), ke,

M(x, k) =
M_(x,0,k)G_(x,k), keQ_,
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where
Gi(x, k) = G_(x, k) = e S (k) e, |Sol < [kl < ISxl,
2ik 1 0 | &
Gi(x, k) =" 5,0 L] mo e r%s, k] < |Sol, Imk >0,
ap (k)
) 1 —bte® .
G_(x, k) = e 2kxos 0 alp</<> my ' e, k| < |So|, Imk <O,
" aky 0 "
Gi(x, k) =™ 3q 1] etre, k| > |Ssol, Imk >0,
agtk)  alk)
S E—: 109
G_(x, k) = e kxo3 [ atk) ar(k) | gikxos k| > |Ss|, Imk <O.
(x, k) 0 ak k| > |Sool

Then the matrix M(x,k) is analytic in 4, and the jump matrix f(x,k)
M~ (x, k)M, (x, k)(k € ") takes the form

Jx, k) =G e, M~ (x,0, )M, (x,0, k)G, (x, k) = G~ (x, k) J (x, 0, k)G, (x, k).

It is easy to verify that for k € Sp,
J(x, k) = e Fns7l(k)s
forImk > 0 and
J(x, k) = e *xoy
(x, k) 0 (O

forImk < 0. For k € Sy, we have

0 1 0 —1 Likxo
®mol sy |\ e Mo e =1
ap (k) ap (k)
bp (k) 1 _brb) _— "
—_ — — 1KX O
aPl(k) 0 af(k) my ST (k)S(k) e =1

7 S atk)y  b(k) 10\ fat) O .
J(x, k) =e lkm( b(k > be(k) Bl 1 |
—b(k) a(k) -2 UY\ig
bk) —2ikx
_ 1 e 2ik
0 1
forImk > 0 and
A 105) bt
JA(_X:’ k) = e*ikXC'} a(k) aRl(k) 1 _ui(k) <C—l (]f) __bgk)> eikxtn
0 5\ 1 )bk ak

1

eZikx

=\ b
(k)

g

forImk < 0.
Finally, for k € R and |k| > |Sxo|
br(k)

) (_ ar(k)
2ikx>

0
1
1

lar (O]

B(k)
ar (k)
_1
a(k)

bk

a(k)

ak)
0

j(x’ k) — e—ikxag(

(

1
2ikx

S

S

) i
(k) la(k)|?

Qu

_br®)
ag (k)

1

0

L
a(k)

a(k)
B
ag (k)
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Since the matrix M (x, k) is continuous across k € Sy (J(x,k) = I,k € Sy) and thus is
analytic everywhere except on Sy, and (—00, —|Sso|) U (|Seo|, 00), where Jx, k) = JD(x, k)
according to (27), we conclude that M (x, k) = M™ (x, k).

Now we show that g (x, 0) = u(x). Indeed, the following expansions

M'(x, ¢
M.t b =1+ 250D o0, k — oo
2ik

. M!

MO k) = Mk =1+ L9 L ox?), k — oo
1
give the equations

q(x, 1) = M(x, 1), u(x) = M, (x). (42)

Since M™ (x, k) = M(x, 0, k)G(x, k)(k € ,) and

Dl D2 e—ZImkx
Gx,ky=I+—+—+---+0 , k— oo (Imk > 0),
k k? |k|

where D', D?, ... are diagonal constant matrices, we find
M'(x) = M'(x,0) +2iD".

Then, equations (42) yield
u(x) = Mi,(x) = M}, (x,0) = q(x,0).

Thus, the problem RH,, |,—¢ is equivalent to the problem RH,.
The proof of the equivalence between the Riemann—Hilbert problem RH,,|,—o and the
Riemann—Hilbert problem RH; is as follows. Let

Ni(t, k) =My(0,¢t,k)HL(2, k),

where
H,(t,k)y=H_(t,k) =1, k| < |Sol;
H.(t, k)= H_(1,k) = e~ % S(k) e, 1Sol < 1k| < [Ssl;
a®) ke
H.(t,k) = (Mk) (A()],{) ) i k| > |Ssol, Imk >0,
0 i@
H_(t,k) =(.%«%, , k S|, Imk <O.
0= 5ier ww k] > [Sool <

The matrices N(z, k) are analytic in Q. and corresponding jump matrix J (¢, k) :=
N, k)N, (z, k) takes the form

J(@t, k) = H-Y (1, kyM=1(0, 1, k)yM.(0, 1, k)Hy (¢, k) = H-' (1, k) J (0, t, k) H, (2, k).

As above, it is easy to verify that J(t,k) = J®(t,k) for k € Sy and for {|k| <
|Sol} N {Imk = 0}. For {|Sp| < |k| < |Sxol} N {Imk = 0},

J ) =e TS5 (ke R Te TSk e = 1.
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For |k| = |Sx|, we find

) ag (k)

e R | G | (R

’ —b(k) ;‘;(",3) 0 1 b(k)y a(k)

Bl o~
= (1 TAm © 4k>, Imk < O;

j(l‘ k)—e_i% d(_) b(k) ! 0 Zg(%) _?gk) e%

T —bk) ak)) \-28 1)\ o 4D

1

0
= 30 b 1] Imk > 0.
A "

Finally, for |k| > |S| We have

G L @\ fa |
room ot A O ) (wmer Tawm )\ (G PR m
J(t, k)y=c¢e 5 e
’ —b(k) AR S\ _ bk 1 0 A

ag (k) ag (k) ag (k)
1 _ B(k) — i
AP Y
— i@ 1

The last equations show that J(t, k) = J'(t, k) for k € . Therefore, the problem RH,; for
x = 0 and the problem RH, are equivalent in the same sense as above. Further, the asymptotic
relations

N(t. k) = mo(t) + O (k).
M. 1. k) = m(0. 1)+ O k),
H k) =1+0ke )

are fulfilled as k — 0 (Imk > 0). Taking into account the following formulae

Q1) = —mo(t)osmy’ (1), mo(t) = lim M (1, k) = lim N (, k)
Q(x, 1) = —m(x, Noym™" (x, 1),m(x, 1) = lim M(x, 1, k)
we obtain
0(0,1) = —=m(0, t)ozm ™" (0, 1) = —mo()osmy ' (1) = O (1),
i.e., u(0,¢) = w() and v(0, 1) = v(r). O

Now we formulate the main result of the paper.

Theorem 5.1. Let u(x) € H'(0, L), v(z), w(t) € HY(0, T) and v*(t) + |lw@)|*> = 1. Then,
the Riemann—Hilbert problem RHy; has a unique solution M(x,t, k), and the functions
q(x,t),v(x,t) and u(x,t) defined by the equations

qlx,t) = Zikli)ngolez(x, t, k),

v(x, 1) =1 =2my(x, D,

u(x, t) = =2imy (x, H)ma(x, 1),
where

m(x, 1) = lim M(x, 1, k),
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satisfy the SRS equations (1), the initial condition

q(x,0) = u(x), x € (0,L)
and boundary conditions

v(0,1) = v(2), w(0,1) = w(), te(0,T).
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